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Table 1 Four test conditions

Time 300

Fig. 2 Uncalibrated time history of filtered gauge output for the fol-
lowing test section conditions: Mach number = 3.1; velocity = 3486
m/s; static pressure = 114 kPa; stagnation enthalpy = 12.1 MJ/kg;
temperature = 3383 K.
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Theoretical Shear Stress (Pa) 2000

Fig. 3 Measured gauge output in volts (line a) and predicted gauge
output (line b) vs theoretical shear stress for test section stagnation
pressure from 0.77 to 5.88 MPa; line b is determined from nominal
manufacturer's sensitivities for the piezoceramics.

were associated with the flow and not with the gauge, a
commercial piezoelectric pressure transducer was mounted in a
second flat-plate model to measure static pressure on the sur-
face. The second flat-plate model had substantially different
geometry and different flow-induced stress wave reflection
times, but the onset of large fluctuations occurred in the un-
filtered outputs from both the pressure transducer and one
piezoceramic element at the same time, about 250 JJLS after the
start of the flow. We conclude that the large-scale un-
steadiness after 250 IJLS is due either to shock wave reflections
resulting from the impulsive flow meeting the back face of the
dump tank or to the arrival of the helium driver gas. However,
in the available 200 ps of useful test time, the skin-friction
gauge indicated steady boundary-layer flow (Fig. 2).

Figure 3 displays the skin-friction gauge averaged output
voltage in the 200-/>ts test time plotted against theoretical shear
stress values obtained using the method of van Driest.2 The
test section stagnation pressure ranged from 0.77 to 5.88 MPa.
The flow Mach number was nominally 3.2. The relationship is
linear, confirming the fact that shear stress has effectively
been isolated from the unwanted contributions due to pres-
sure, temperature, and flow-induced vibration. One of the
major problems encountered in the development of the gauge
was the decoupling of pressure and shear stress. For the range
of conditions considered, pressure varies as a nonlinear func-
tion of shear stress. Hence, if the gauge were responding to
pressure, the linear relationship in Fig. 3 would not occur. Us-
ing the nominal manufacturer's sensitivities for the piezo-
ceramic material, calculations indicate that the gauge outputs
for the theoretical shear stresses should lie along the second
straight line in Fig. 3. This small difference is not surprising
and further confirms the proper functioning of the gauge.

Stagnation
enthalpy, MJ/kg

Stagnation
temperature, K

Stagnation
pressure, MPa

Temperature, K
Pressure, kPa
Density, kg/m3

Velocity, m/s
Mach number

12.07

6348

5.88
3383
114
0.107
3486
3.10

9.507

5287

3.62
2262
65.8
0.079
3134
3.13

7.34

4373

1.63
1952
27.4
0.046
2789
3.20

5.76

3763

0.77
1463
12.1
0.027
2444
3.22

Conclusions
Tests of a prototype skin friction gauge at Mach 3.2 in a

small free piston shock tunnel have demonstrated the effec-
tiveness of the design concept and the calibration against theo-
retical skin-friction values in a simple flow. The gauge has a
rise time of about 20 /*s, sufficiently short for most shock-
tunnel applications and approaching the rise times needed for
expansion tube applications.
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Large Deflections of Sandwich
Plates with Orthotropic Cores—

A New Approach
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Introduction

T HE problem of large deflections of isotropic sandwich
plates has been investigated by several authors.1"6 Kamiya5

presented governing equations for large deflections of
isotropic sandwich plates following Berger's approximation.
Accuracy of his solution depends on a correction factor. Dutta
and Banerjee6 have offered a simplified approach to investi-
gate the nonlinear static as well as dynamic behaviors of
sandwich plates. The literature on large deflection analysis of
sandwich plates of orthotropic materials is scarce.7'8 The pre-
sent study investigates the large deflections of rectangular
sandwich plates with a core as an orthotropic honeycomb-type
structure. It is felt that this type of core corresponds more
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Table 1 Values of central deflection for various loads

W0/h immovable edge

Side ratio, b/a
1
2
3

Present study

1.548
1.802
1.855

Obtained from classical equation
given in the Appendix

1.49

W0/h movable edge

Present study
2.46
3.055
3.18

Obtained from classical equation
given in the Appendix

2.48

Load function,
q0a4/Eh4

10
10
10

exactly to the behavior of actual sandwich construction used
in industry. Numerical results obtained from the present study
have been compared with those obtained by solving the classi-
cal equations given in the Appendix.

Analysis
First, we take a rectangular coordinate system X,Y,Z: X,Y

in the middle plane of the core, Z in the thickness direction
(positive upwards).

The total potential energy of the system is given by

V0 = + V- (1)

where Vf
0 is the strain energy per unit area of both isotropic

faces proposed by Dutta and Banerjee6 and V~c is the strain
energy per unit area of the orthotropic core due to shear.8

Executing the variational calculus so as to minimize the
total potential energy in Eq. (1) of the present elastic system of
the sandwich plates, we arrive at the following sets of differen-
tial equations.

/i1"1 = j- (H" + «') + " J- (v« + v') + \ (^a* a.y 2 \ax

= const (2)

Et \1 Et id2r
+

\
2(1 - v2)\dx~2 V dxdy 4(1 + v)\dy2 Bxdy
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Et ^a25 av \1 Et /a2? av \
.2(1 - v2)\dy2 + " dxdy)J + 4(1 + v)\dx2 + dxdyj

Sdw
+ 1 —- - )G V , =0

\By h; (4)

Et ) ^ ] i / dw \2 /awVl .
+ X —) + ( — ) V2w

f/ \^/ J
/aw\2 a2w /awV a2w a2w aw aw

+ 2( — ) T-^ + 2 ( — ) Tl + 4TT"T"^~\oy/ dyz dxdy dx dy

a2w d2w -^ d'r ds\ ^ n^z —— + Gjz T~ ) + ^ = 0a* a^/
(5)

where

"ax2

For a movable edge, /^ = 0. Here r = uu - ul, s = vu - V1,
and Gxz are the shear modulii.

We consider the bending of a simply supported rectangular
sandwich plate (axb) with constraints in-plane displacements
at the boundaries.

For a simply supported rectangular plate, we assume

TTX TTV
W=W0 sin — sin —a b (6)

r and s are assumed as follows5:

TTX iryr — r0 cos — sin —
a b

. irx Trys = s0 sin — cos —
a b

(7)

(8)

Putting Eq. (6) into Eq. (2), I\m is evaluated through integra-
tion over the plate as

(9)

The in-plane displacements w", ul, v", v7 of the upper and
lower faces have been eliminated through integration by
choosing suitable expressions for them, compatible with their
boundary conditions. This is because the normal displacement
"W" is our primary interest.

Putting Eqs. (6-8) into Eq. (5), recalling the values of r0 and
S0 and the value of //« obtained from Eqs. (3), (4), and (9), we
arrive at the following cubic equation determining the central
deflection W0(x,y) after applying Galerkin procedure.

• + X —— +— (-r + ~:

ab
Z? «

r — + GV2

ab(\-v2)l I6a3b3 \_12ab 64V
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where
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and the load "#" considered being sinusodial and given by

TTJC iryq = q0 sin — sin —-
a b

Numerical results have been obtained for a rectangular sand-
wich plate of orthotropic core with the following data5'7:
a = 10 in., t = 0.025 in., h = 0.6746 in., E = 10.45 x 106 psi,
v = 0.03, X = 0.09, Gxz = 104 psi, and Gyz = 103 psi.

Table 1 shows the maximum deflection parameter (W0/h)
for simply supported rectangular sandwich plates with differ-
ent side ratios, for the given load function (q0a4/Eh4).

Conclusions
The results of the present study have been obtained with

ease and accuracy whereas the solutions to the classical equa-
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tion involves mathematical complexity and much computa-
tional labor. Thus, the differential equations proposed in the
present study are simple because of its decoupled form and
seem to predict the nonlinear behaviors of sandwich plates
with orthotropic core with much ease and accuracy.

Appendix
Alwan8 proposed differential equations for large deflection

of sandwich plates with orthotropic core in terms of the Airy
stress function. Now the displacement formulations of his
proposed equation take the following form:

_
dx2 +

(1 - v) d2u (1 + v) d2v
2 dy2 2 dxdy

dw d2w (1 - v) dw d2w (1 + v) dw d2w
dx dx2 2 dx dy2

d2v (l-p) d2v (1 + v) d2u

2 dy dxdy (Al)

2 dx2 ' 2 dxdy

w d2w (1 - y) dw d2w (1 + v) a2w
d y d y 2 2 dydx2~ 2 dxdxdy (A2)

where

d2F

d2F a2w d2F a2w__ __ _ 2 ___ . ___
a*2 dy2 dxdy dxdy

2Et (du 1 /aw\2

\-v2

d2F Et du dv dw dw
dxdy ~ ~ 1 + v dy dx dx dy

(A3)

(A3a)

(A3b)

(A3c)

F being the Airy's stress function.
Here u, v, w are displacement components along the X, Y,

Z, directions, respectively, and

- v)D DY = 1 - v)D
2hGV7

For homogeneous plates, Dx = Dy = 0.
Let us now analyze the case of a simply supported square

plate of side a. For this purpose, we solve first the equations
for u and v. Let W = W0 sin(irx/a) sm(iry/b)9 which satisfies
the simply supported edge conditions. Putting the value of W
in Eqs. (1) and (2), the solutions of u and v can be obtained in
the following form:

2irx 2-KX 2iryu = Ax + Q sin —— + C2 sin —— cos —— (A4)a a a

v = By + C3 cos —— sin —— + C4 sin ——a a a (A5)

where A and B are determinded from the boundary conditions.
For movable edges,

IV2 IT

A =B = -
Sa2

and for immovable edge conditions, A = B = 0. Here Cl5 C2,

C3, and C4 are given by

C1 = C4= -

C2 = C3 =

Putting W = W0 sin(irx/a) sin(7ry/Z?), values of w and v
obtained from Eqs. (A4) and (A5), using Eqs. (A3a-A3c), we
finally obtain the following two cubic equations after applying
Galerkin's technique.

For immovable edges:

_

Et(h 2v)
2(1 - J I6a6(h + t)2

h\\ -
t(h + 4a2

t)2

(A6)

For immovable edges:
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